The convergence property of the discrete Laplace-Beltrami operators is the foundation of convergence analysis of the numerical simulation process of some geometric partial differential equations which involve the operator. In this paper we propose several simple discretization schemes of Laplace-Beltrami operators over triangulated surfaces. Convergence results for these discrete Laplace-Beltrami operators are established under various conditions. Numerical results that support the theoretical analysis are given. Application examples of the proposed discrete Laplace-Beltrami operators in surface processing and modelling are also presented.
Introduction
Laplace-Beltrami operator, abbreviated as LBO in this paper, is a generalization of the Laplacian from flat spaces to manifolds. LBO plays a central role in many areas, such as image processing (see [4, 12, 19, 26] ), signal processing (see [24, 25] ), surface processing (see [2, 7, 8, 15, 20, 21] ), and the study of geometric partial differential equations (PDE) (see [4, 14, 17, 19] ). For instance, the mathematical formulation of the mean curvature flow, surface diffusion flow (see [14] ) and Willmore flow (see [22] ) etc. involves the first and second order LBOs.
In solving numerically PDEs which involve the classical Laplacian on flat spaces, a standard technique is to approximate the Laplacian by a finite divided difference. Likewise, the LBO needs to be discretized in solving the geometric PDEs numerically on surfaces. * Supported in part by NSFC grants 10241004, 10371130, National Innovation Fund 1770900, Chinese Academy of Sciences.
However, due to the complexity and the diversity of the discretized surfaces, the discretization of the LBO is not as simple as the Laplacian over the flat space. In the literature, several discretizations of LBO over surfaces have been proposed and used. However, to the best of author's knowledge, none of these discretizations has been proved to be convergent as the size of surface mesh goes to zero.
The convergence of the discrete LBOs is the foundation for the convergence of some numerical simulation process of PDE which involves the LBO. In this paper we propose several discretization schemes of the LBOs over triangulated surfaces. Convergence results for these discrete LBOs are obtained under various special conditions. We also review several already used discrete LB operators including Taubin's discretization (see [24] , 1995; [25] , 2000), Fujiwara's discretization (see [9] , 1995), Desbrun et al's discretization (see [8] , 1999), Mayer's discretization (see [14] , 2001), Meyer et al's discretization (see [15], 2002) .
It is well known that LB operator relates closely to the mean curvature normal. Hence, an approximation of mean curvature normal may lead to a discretization of the LBO. On the approximation of curvatures, there exist also many approaches, such as the ones proposed by Chen, Hamann and Taubin to name a few [6, 11, 23] . However, these approaches do not yield the linear form as (2.5) .
The remaining of the paper is organized as follows. In Section 2, we introduce some basic material on LBO and then review several existing discretizations of the operator. In Section 3, we propose several alternatives of the discretization and establish some convergence results. Numerical examples for comparing these discrete operators are given in Section 5. Possible applications of these discrete operators are described in Section 6. Section 7 concludes the paper. Due to limitation of the space, the proofs of the theoretical results are not included, these proofs can be found in the extended version [29] of this paper.
LBO and its Discretization
To describe the Laplace-Beltrami operator over surfaces precisely, let us introduce some terminology and notations. Let M ⊂ IR 3 be a two-dimensional manifold, and {U α , x α } be a differentiable structure. Denoting the coordinate U α as (ξ 1 , ξ 2 ), then the tangent
where ∇ M is the gradient operator, which is given by (see [5] , page 102)
, g ij = t i , t j and t i = ∂x ∂ξi are the tangent vectors. The inner products in (2.1) are given by
A simple computation leads to the following representations of ∆ M f :
where g ij is defined by G −1 = (g ij ) ij and g = det(G). Let div M ψ denote the divergence for a vector field ψ ∈ T M, which is defined as the dual operator of the gradient (see [18] ):
where C ∞ 0 (M) is a subspace of C ∞ (M), whose elements have compact support. Then it is easy to see that div M ∇ M = ∆ M . Let p be a surface point of M. Then it is known that (see [27] , page 151) where H(p) is the mean curvature normal at p. i.e., H(p) is the mean curvature, H(p)/ H(p) is the unit surface normal. Now we consider the discretization of ∆ M p. Let M be a triangulation of surface M. Let {p i } N i=1 be the vertex set of M . For vertex p i with valence n, denote by N 1 (i) = {i 1 , i 2 , · · · , i n } the set of the vertex indices of one-ring neighbors of p i . We assume in the following that these i 1 , · · · , i n are arranged such that the tri-
we use j + and j − to denote i k+1 and i k−1 , respectively, for simplifying the notation. Furthermore, we use the following convention: i n+1 = i 1 , i 0 = i n . Now we review several existing discretizations of LBO over triangular surfaces. [24] , 1995; [8] , 1999; [25] , 2000; [16], 2002) . This is a class of discretizations in the following form
Taubin et al's Discretization (see
∆ (1) M f (p i ) = j∈N1(i) w (1) ij [f (p j ) − f (p i )],(2.
5)
where the weights w 
where | · | denotes the cardinality of a set. A more general way is to define them by a positive function φ: w
, and function φ(p i , p j ) can be the surface area of the two faces that share the edge [p i p j ], or some power of the length of the edge: φ(p i , p j ) = p i − p j α . Fujiwara take α = −1 (see [9] ). Desbrun et al's (see [8] , 1999) define w (1) ij as w
where α ij and β ij are the triangle angles as shown in Fig 2. 1 (left). Polthier's discretization (see [16] ) is similar to the one given by Desbrun et al (see [8] ). He takes w
It is easy to see that the discretization (2.5) could not be an approximation of ∆ M , since ∆ M p i → 0 as the size of the surface mesh goes to zero.
Mayer's Discretization (see [14], 2001).
Discretizing (3.4) at p i over the triangular surface mesh M , Mayer got the following approximation.
where w
is the sum of areas of triangles around p i .
Desbrun et al's discretization (see [8], 1999).
From a differential geometry definition of mean curvature normal: lim diam(A)→0 3∇A 2A = −H(p) (A is the area of a small region around the point p where the curvature is needed, and ∇ is the gradient with respect to the (x, y, z) coordinates of p), Desbrun et al get the following discretization
Meyer et al's discretization (see [15],2002)
.
If the triangle is obtuse, q j is chosen to be the midpoint of the edge opposite to the obtuse angle. The discretizations ∆
have been reviewed in [28] . It has been shown that all of these discretizations are not convergent in the general cases. But two of them, which are proposed by Desbrun et al and Meyer et al, converge for some special cases. Now we repeat the convergent results as follows:
Let p i be a vertex of M with valence six, and let p j be its neighbor vertices for j ∈ N 1 (i). Suppose p i and p j are on a sufficiently smooth parametric surface G(ξ 1 , ξ 2 ) ∈ IR 3 , and there exist q i , q j such that
Note that if the domain of the surface G(ξ 1 , ξ 2 ) is triangulated by the three directional partition (see Fig.  5 .1(a)), then the condition of the theorem is satisfied.
Our Discretization of LBOs
In this section we propose several other alternatives of the discretization of LBO. Let M be a Riemannian manifold. Let ∂M be the the C ∞ boundary of M. Let n be the unit outward normal vector field to the boundary, and X be a C 1 vector field on M with compact support. Then (see [13] , page 330)
where dv M and dv ∂M denote the canonical metric on M and ∂M, respectively. Let f be a C 2 smooth func-
Indirect discretization
Suppose M be a triangular discretization of M. Let p i be the i-th vertex of M . Then (3.2) could be approximately discretized as
is the sum of the areas of the triangles surrounding to p i and n j is the unit outward normal of the edge [p j p j+ ]. Letn j := n j p j − p j+ . Then it is easy to verify thatn j =ñ j 2Aj with
A j is the area of the triangle [p i p j p j+ ]. In discretization (3.3), gradient vectors are used. These gradients need to be discretized further (see Section 4) . We therefore call (3.3) as indirect discretization. For this discretization, we have the following convergent result.
Theorem 3.1 Let p i be a vertex of M with valence n. Suppose p i and p j are on a sufficiently smooth parametric surface G(ξ 1 , ξ 2 ) ∈ IR 3 , for all j ∈ N 1 (i), and there exist
The proof of the theorem is given in [29] . Let ∇ M f be a discretization of ∇ M f . Then it is easy from the proof of Theorem 3.1 to obtain the following conclusion:
Direct Discretization

A. Discretization via Gauss Formula
Since (3.2) could be written as
we can derive the following discretization
A j and A j are the areas of the triangles [p i p j p j+ ] and [p j p j p j+ ], respectively, f j = f (p j ), p j is the opposite vertex of p i to the edge [p j p j+ ], and f j = f (p j ). Note that n j and n j are vectors perpendicular to the edge [p j p j+ ] with length p j − p j+ , and in the triangles [p i p j p j+ ] and [p j p j p j+ ], respectively. Hence,f
Theorem 3.2 Let p i be a vertex of M with valence n. Suppose p i , p j and p j are on a sufficiently smooth parametric surface G(ξ 1 , ξ 2 ) ∈ IR 3 , for all j ∈ N 1 (i), and there exist q i , q j and q j in
B. Discretization via Quadratic Fitting
Now we use a biquadratic fit of the surface data and function data to calculate the approximate LBO. Let p i be a vertex of M with valence n, p j be its neighbor vertices for j ∈ N 1 (i), and assume that [p i p j p j+ ] are the neighbor triangles of p i . Then the biquadratic fit is computed as follows:
, and then compute the angles β k = 2πα k / n j=1 α j for k = 1, · · · , n. 2. Set q 0 = (0, 0), θ 1 = 0 and q k = p i k − p i (cosθ k , sinθ k ), θ k = β 1 +· · ·+β k−1 , for k = 1, · · · , n.
3.
Take the basis functions
in the lease square sense. This system is solved by solving the normal equation
Then compute LBO off = 5 l=0 d l B k (ξ 1 , ξ 2 ) over the surfaceG = 5 l=0 c l B l (ξ 1 , ξ 2 ) at (0, 0), using the formula (2.4) . We denote this approximate LBO as ∆ (F ) M f (p i ), where the superscript "F" stands for "fitting". It is easy to see that t 1 = c 1 , t 2 = c 2 , t 11 = c 3 , t 12 = c 4 , t 22 = c 5 . Denote the second, third, fourth, fifth and sixth rows of C as C 1 , C 2 , C 20 , C 11 and C 02 , respectively, then we can see that
Substituting these quantities into (2.4) , we will get an approximation of LBO as
Note that the coefficients w k depend only on the geometric data of the mesh M .
The construction algorithm above may fail in the following two cases. a. The system is under-determined in the case n = 3 or n = 4. b. The coefficient matrix of the normal equation is singular or nearly singular. For case a, we will replace the basis functions by {B l (ξ 1 , ξ 2 )} 5 l=1 = {1, ξ 1 , ξ 2 , 1 2 (ξ 2 1 + ξ 2 2 )}, and solve the fitting problem in a lower dimensional space. For case b, we look for a least square solution with minimal normal. Let A T Ax = b be the linear system in the matrix form. We find a least square solution such that x 2 = min. Such a solution could be computed by the SVD decomposition of A T A (see [10] , Chapter 5).
Discretization of Gradient
The discretization (3.3) of the LBO in the last section requires the gradient vector of f at each vertex. Hence we need to discretize the gradient further. In this section, we propose two simple approaches for discretizing the gradient.
A. Discretization via Linear Approximation
Let T j = [p i p j p j+ ] be a triangle adjacent to vertex p i . Then by a linear interpolation of the surface and function on the surface, we can derive that the gradient can be approximated on the triangle by
where A j denotes the area of T j . Having approximate gradients on triangles, the gradient at a vertex p i can be approximated by a weighted average of the gradients on the surrounding triangles of p i :
where A(p i ) = j∈N1(i) A j . The superscript "A" of ∇ (A) M stands for "averaging". Theorem 4.1 Under the conditions of Theorem 3.1, we have ∇
B. Discretization via Loop's Subdivision
It follows from (2.2) that, the computation of gradient involves the computation of the surface tangents t 1 , t 2 and partials ∂f ∂ξ1 , ∂f ∂ξ2 under a local parameterization of the surface. Now we compute these quantities from the limit surfaceG and the limit functionf of the Loop's subdivision for the triangular surface mesh M and the function f on the surface. We denote these tangents and partials byt 1 ,t 2 , ∂f ∂ξ1 , ∂f ∂ξ2 . At a vertex p i with surrounding vertices p ij , i j ∈ N 1 (i), the tangent directions corresponding to the edge [p i p ij ] is given by (see [3] ) Therefore, we get an approximation of ∇ M as follows
Note that 
Furthermore, if n = 2m, and the condition (4.2) holds, then ∇
directional partition (see Fig.5.1 (a) and (b) ). The three-directional partition satisfies the conditions of all the convergence theorems. The four-directional partition satisfies the conditions of Theorem 4.1 and 4.2.
Finally, we point out that the given conditions in each of the convergence theorems are sufficient only. This means that there may be other conditions under which the discrete LBOs converge. The problem searching for necessary and sufficient conditions for the convergence of these discrete LBOs is left open.
Numerical Experiments
The aim of this section is to exhibit the numerical behaviors of the discrete LBOs defined in Section 2 and 3. To show the numerical convergence of the discrete LBOs, we take several two variable functions, 
over xy-plane as three dimensional surfaces so that the exact mean curvatures can be easily computed. Both the exact and approximated mean curvatures are computed at some selected domain points q ij = (x i , y j ). As the first test case, these points are chosen as (x i , y j ) = ( i 20 , j 20 ) for i = 1, · · · , 19, j = 1, · · · , 19. The surfaces are triangulated around q ij by triangulating the domain first, and then mapping the planner triangulation onto the surfaces by the selected bivariate functions. The domain around q ij is triangulated locally in two different ways as shown in Fig. 5.1(a) , 5.1(b), to illustrate how the domain triangulation affect the convergence. The second test case we consider is that we choose an unstructured domain triangulation as shown in Fig.5.1(c) . For observing the convergence/nonconvergence property, finer and finer domain triangulations are generated. For case (a) and (b) in Fig. 5.1 , h are taken to be 2 −3 , 2 −5 , 2 −7 , · · ·. For case (c), the domain is recursively subdivided by the bisection linear subdivision. Hence, h = h 0 , h 0 /2, h 0 /4, · · ·, where h 0 = 0.3354 is the maximal value of the edge lengths of the triangulation as shown in Fig. 5.1(c) .
The experiments show that as h → 0, the maximal error of the approximated mean curvature approaches to Ch k for a constant C and a certain k. For example, for the domain triangulation as shown in Fig 5.1(a) and function F 1 , the maximal error of the approximated mean curvature computed by (2.6) and the ex- act mean curvature computed from the continuous surfaces is as follows: 0.36362, 0.36356, 0.36356, 0.36355, 0.36355, 0.36355, 0.36355, 0.36355, 0.36355, 0.36355 for h = 2 −3 , 2 −5 , 2 −7 , · · ·, 2 −21 . Table 5 .1 shows the asymptotic values of the maximal error of the approximated mean curvature computed by discrete LBOs and the exact mean curvature computed from the continuous surfaces for the domain triangulation as shown in Fig. 5.1(a) . This domain triangulation satisfies the conditions of Theorem 2.1, 3.2, 4.1 and 4.2. Hence convergence property is observed for ∆ (3) , ∆ (4) , ∆ (A) , ∆ (L) , ∆ (D) and, of course, ∆ (F ) . Furthermore, the convergence rates are quadratic. Table 5 .2 shows the asymptotic value of the maximal error for the domain triangulation as shown in Fig. 5.1(b) . This domain triangulation satisfies the conditions of Theorem 4.1 and 4.2. Hence convergence property is observed for ∆ (A) , ∆ (L) and ∆ (F ) . An exceptional case is that ∆ (4) converges for the surface defined by F 2 . Though the conditions of Theorem 3.2 is not satisfied directly, ∆ (D) converges, the reason is that if we merge the two triangles near q ij in each quadrant into one, then we can see that the condition of Theorem 3.2 is really satisfied. Table 5 .3 shows the asymptotic value of the maximal error for the domain triangulation as shown in Fig. 5.1(c) . This domain triangulation does not satisfy the conditions of Theorem 2.1, 4.1 and 4.2. Hence no convergence property is observed for ∆ (3) , ∆ (4) , ∆ (A) and ∆ (L) . But approximation property is observed for these discrete operators. However, ∆ (2) has no approximation property (error increase in the rate O(h −1 )). The linear subdivision of the domain makes the conditions of Theorem 3.2 be satisfied, hence convergent property is observed for ∆ (D) . This is an interesting case, because for Loop's surface subdivision scheme, the domain of the Loop's surface is undergoing linear subdivision. Therefore, ∆ (D) over the Loop's subdivision surface mesh will converge at the each ordinary vertex as the subdivision process is repeated. In computing the maximal error of ∆ (F ) we have excluded a vertex which is near the origin, because this vertex has valence 4. ∆ (F ) will not converge at this point.
Finally, we illustrate how the supports of the discrete LBOs affect approximation errors. Table 5 .4 shows the maximal error for the domain triangulation as shown in Fig. 5.1(a) with a fixed triangulation (h = 2 −5 ). Exact mean curvature at each point is computed from the given function. The approximated mean curvature is computed from discrete data. But we perturb randomly the discrete function value with 0.1%, to show that the discrete LBOs with larger supports are insensitive to the higher frequency errors. The results in the table show that the discrete LBOs with larger supports usually yield better results. 
Applications of Discrete LBOs
An obvious application of the discrete LBOs is use them to compute approximated mean curvatures from a triangulated surface as we did in the last section. We have illustrate that the discrete LBOs with larger supports usually work better for noisy data. One of our main purposes for proposing these discrete LBOs is for solving geometric partial differential equations, such as numerical simulation of various geometric flows (mean curvature flow, surface diffusion flow, Willmore flow etc.), surface smoothing, surface construction and surface image processing. In the following, we give a few examples that show the applications in these problems. We refer the interested readers to [30] for detail descriptions of various geometric PDEs and how these PDEs are solved with given boundary conditions.
Simulation of Geometric Flows. The aim of the simulation of the geometric flow is to see how the surface evolves under the flow. Fig. 6.1 show some simple examples of the simulation of the mean curvature flow, the averaged mean curvature flow, surface diffusion flow and Willmore flow with the input four pipes serving as boundary constraints ( Fig. 6.1(a) ). We use the solutions of these geometric flows to blend the input four pipes. ∆ M in these flows is approximated by ∆ (F ) M . Fig. 6.1(b) shows an initial blending mesh construction of the pipes which defines the topology of evolved surface and serves as an initial condition. (c), (d), (e) and (f) are numerical solutions of the mean curvature flow, averaged mean curvature flow, the surface diffusion flow and the Willmore flow, respectively. All these solutions are obtained after 100 iterations with time step length 0.001. The solution of the mean curvature flow at this stage is still undergoing rapid change, further evolution will lead to a pinch-off of the surface. The solutions of the other three flows are almost stable at this moment.
Surface Hole Filling. Given a surface mesh with a hole, we construct a fair surface to fill the hole with specified geometric continuity on the boundary. Fig  6. 1(g)-(i) show such an example, where a head mesh with a hole at the nose is given (figure (g)) with G 1 continuity requirement. An initial G 0 construction of the nose is shown in (h) using the method in [1] with some noise added. The fair filling surface (figures (i)) are generated using the surface diffusion flow. ∆ M in the flow is discretized as ∆ M has larger support, it will affect low frequency noise and insensitive to the higher frequency error. Hence the combination use of the discrete LBOs with different sizes of support can yield more desirable results. The deliberated use of these discrete LBOs on denoising is beyond the scope of this paper. We shall report our research results on this aspect elsewhere.
Conclusions
We have proposed several discretization schemes for LBO on the triangular surfaces. The presented numerical and application examples show that these discrete LBOs can be applied in solving geometric PDEs or sur- face processing, or to compute the approximate values of LBO acting on discrete function on surface. Convergence results under some specified conditions are established and these theoretical results are verified by numerical examples. We also show that the discrete LBOs with larger supports are insensitive to higher frequency errors. Hence they have antinoise property when applying them to noisy data.
